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1. Variational Inference

1-1. MCMC vs Variational Inference

Two main approaches to find the (intractable) posterior in Bayesian Inference!

(1)MCMC : sampling from the unnormalized posterior
- (Pros) Unbiased

- (Cons) High computational cost
(2) Variational Inference : Approximating target distn with a simpler distn

- (Pros) Faster & Scalable
- (Cons) Biased
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1. Variational Inference

1-1. MCMC vs Variational Inference

Will be going to focus on Variational Inference

Before getting on...

- KL divergence KL(g(0)] p(6 | 2)) = /q(@) oo _400)

o df
p(0 | x)

- Jensen’s Inequality

If g(x) is a convex function on Rx and E[g(X)]| and g(E|X]) are finite,

Elg(X)] = g(E[X])
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1. Variational Inference

1-2. Evidence Lower Bound (ELBO)

df =

| | p(x,0)
log p(@ /(6)109;* :zrd@/(ﬁlog
y () 1(0) log p(x) 1(6) 0 )

| p(, 0 | q(0)
= [ q(0) log d9+/( 0) log df =
[ a®)10 1(6)log 0

= ﬁ(Q(Q)) + [{L((J(H)H p((_} | I)) ( Non-negative )
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1. Variational Inference

1-2. Evidence Lower Bound (ELBO)

log p(x)

=/QWHW

L(q(0))

[ a(®)108

/ q(0) log p(x)df = /q(@) loo

p(x,0)q(0)

p(a.0)

df) =

p(x,0)
7 q(8)

KL(q(0)||p0]x)) ( Non-negative )

T p(0 ] x)q(8)

do + / 7(6) log

“p@] x)

df) =

log p (x)

Jensen’s Inequali

q(0)

“p(0 ] x)
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logp(x) > L(q(0))




1. Variational Inference

1-2. Evidence Lower Bound (ELBO)

df) =

| | p(z,0)
log p(@ :/ 0)log :I:d(?:/ 0) log
p(x) = [ q(0)logp(x) q(0) (0] )

[ 2)q(0) Minimizing KL-divergence
q(0)

| oy .
= ) log df + / 0) log df =
[ a® 20 16)log g

logp(x) > L(q(0))
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1. Variational Inference

1-2. Evidence Lower Bound (ELBO)

p(x, 0)

log p(z) = /(](9) logp(zr)df?:/qw) log TR )dt‘f?

0x)q0) Maximizing ELBO

— /q(e) log 2 d9+/q(9)1og 19) g9

p(0 | x)

logp(x) > L(q(0))
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1. Variational Inference

1-2. Evidence Lower Bound (ELBO)

Interpretation of ELBO

Rewrite ELBO as below

p(x,0)

L(q(A)) = /q(@)log 10 df = /q(é?)lob 10) df =
= ‘( ogp(a | 0)c ‘( 00‘1)(—9)( =
— / 1(0) log p(z | 9)i9+/ 1(0)1 5400 10

= E,9)logp(a | 8) — K L(q(0)]| p(9))
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1. Variational Inference

1-2. Evidence Lower Bound (ELBO)

Interpretation of ELBO

Rewrite ELBO as below

4(6) log IW)U(M:
(0)

5= [ oo
/q(e) I|9d9+/q 0)log —dé?

= E,6)logp(z | 0) — K L(q(0)| p(0)

Term 1) Encourage good fit! ~ Term 2) Regularize! Encourage posterior to be close to prior
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1. Variational Inference

1-3. Mean Field Variational Inference (MFVI)

We have to optimize w.r.t ELBO, but how?

L(q(0)) = /q(@) log 20%:0)

~

df — max
Q(é)) q(0)eQ

Mean Field Assumption

( For simplicity, variational parameters are factorized

as below, with an Independent Assumption )

)

m

q(0) = H qj (0;). 0=1[01.....0n] Due to the assumption, its flexibility is limited!
j=1
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1. Variational Inference

1-3. Mean Field Variational Inference (MFVI)

' pla, 0 -
Clto) = [aoestgRa D,
| p(x. )
L(q(0 /( 0) log df — max
(1( )) 1( ) ) Q(Q) Q(Q)ZQl(Ql)qm(Qm)
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1. Variational Inference

1-3. Mean Field Variational Inference (MFVI)

| plz.0) max

L(q(0)) = /q(é?) log = -0 — max )
| p(x.0)
L(q(0 /q@ log df — max
( ( )) ( ) ) Q(Q) Q(Q):Qq(91)'---‘{]7?1(9?71)
Solution ( proof on the next page )
1 Coordinate-ascent method

4 (Qj) - Tj(é)j) - Z CEP (Eq'f'#j 10% p(:I:T 9)) CAVI (Coordinate Ascent Variational Inference)
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1. Variational Inference

1-3. Mean Field Variational Inference (MFVI)

1

q; (0;)=r;(0;) = >~ eXPp (E,,., logp(x,0))

J

Proof )

L(q(0)) = Eq9)logp(z,80) — Eya)logq(0) =

m

— Eq(é’) 1th €T, 9 Z ]Eq; (O )100 dr (9} )
k=1

=Eq,(0,) [Eqis; logp(a,0)] — By, ,)logq; (0;) + Const =

1
= {rj(ﬁj) = - CXp (Eq,.., log p(x, 9))} =
J

—E Eg § + Const = —K L (q;(0;)||r;(0;)) + Const

los r;
qi(0;) 108
13 QJ
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1. Variational Inference

1-3. Mean Field Variational Inference (MFVI)

Algorithm
Initialize q(0) = [1.Z, ¢, (6)
lterations:
» Update each factor q1,...,Qqm:
1
q; (0;) = Z €XPp (]Eq@-_;ﬁj log p(z, ‘9))

» Compute ELBO L(q(0))

Repeat until convergence of ELBO
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2. Stochastic Variational Inference

Stochastic Variational Inference (SVI)?

a stochastic optimization algorithm for mean-field variational inference,

that can handle massive dataset (scalability)

- Mean Field Variational Inference

- Stochastic Optimization

Seunghan Lee, Yonsei University
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Abstract

We develop stochastic variational inference, a scalable algorithm for approximating posterior dis-
tributions. We develop this technique for a large class of probabilistic models and we demonstrate




2. Stochastic Variational Inference

Mean Field Variational Inference
o @—( ) B Global latent variable

Yy o\
Zn Q—>. Xn

Local latent|variable N

( This time, we will set hidden variables into 2 parts )

Factorize joint distribution

N
Figure 2: A graphical model with observations x;.y, local hidden variables z,.5 and global hidden
p(x, Z-; B ‘ a) — p(B ’ a) I I p(xn-; Zn | B) variables B. The distribution of each observation x, only depends on its corresponding
n=1 local variable z,, and the global variables 3. (Though not pictured, each hidden variable z,,,
observation x,,, and global variable p may be a collection of multiple random variables.)
N J

p(e.pln) = —PETP) ¢(2,8) = a(B2) TT [T (zn; | 0n))

[ p(x,z.B)dzdp s b
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2. Stochastic Variational Inference

N J

Mean Field Variational Inference q(z,B) =aBIA) [T 14a(znj|0n))

n=1 j=I

Set ¢(B | A) and q (zn; | ¢n;) to be in the same exponential family
* g(B|A) = h(B) exp{A"t(B) — as(N)}

*q (an | ﬁbnj) = h (znj) EXp{qﬁ;th (an) — Qy (ﬁbnj)}

ViL = Viag(M)(Egg(x,z,00] —=2) = A =, [M,(x,z,0)]

Vo, L= Vq; ar(Qnj) (EqMe(xn, 20,5 B)] — Gnj) q)h?j:Effmf'(x”v:”-—.f'-ﬁ)]
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. Initialize A°) randomly.
repeat
for each local variational parameter ¢,,; do
Update @nj, 0) = E 1) [M6,j(Xn, 2n,—j, B))-
end for
Update the global variational parameters, L") = E 0 Me(z1:v, x1:8)]-
until the ELBO converges

Figure 3: Coordinate ascent mean-field variational inference.

1-3. Mean Field Variational Inference (MFVI)

Algorithm

Initialize q(8) = TTj=, ¢; ()
Iterations:

« Update each factor q1..... G

1
4 (0;) = 5 exp (Eq., logpla. 0))
J

—

« Compute ELBO L(q(#))
Repeat until convergence of ELBO




2. Stochastic Variational Inference

1. Variational Inference

1-3. Mean Field Variational Inference (MFVI)

Algorithm

I: Initialize M%) randomly.
2: repeat
3:  for each local variational paramete 0

Each data has its OWN local variational parameter

Initialize q(@) = ﬂ',“:| q; (6;)
lterations:

» Update each factor q1.....qm

\ 1 .
4 Update @), ¢} = o1 [14,j(¥n, 20— B)]. 0] = g, 80 B ot 0)
5 | —

end for 4/_/ « Compute ELBO L£(q(#))

Repeat until convergence of ELBO

6:  Update the global variational parameters, A\") = E 0 Mg (z1:n,x1:n)].

7: until the ELBO converges

Figure 3: Coordinate ascent mean-field variational inference.

INEFFICIENT for large data sets!

( should optimize the local variational params for each data, before re-estimating the global variational params )

SVI uses “stochastic optimization” to fit global variational parameters.
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2. Stochastic Variational Inference

Algorithm

1: Initialize A\°) randomly. Slmplel Just think it as
2: Set the step-size schedule p, appropriately.
431 rig::rtlple a data point x; uniformly from the data set. (1 ) SG D + (2) VI
5:  Compute its local variational parameter,
0=Eyng(xz")]
6:  Compute intermediate global parameters as though x; is replicated N times,
A=Egng(x" 2"
7. Update the current estimate of the global variational parameters, ?L.m = l“_ ) + Py (5&., - ?\.{I_l])
AD = (1-p A" +pd = (1—p)A"" D 4p,,.
8: until forever )

Figure 4: Stochastic variational inference.
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3. Variational Auto Encoder

3-1. Structure of VAE

Auto Encoder : “The aim of an autoencoder is to learn a representation (encoding) for a set of data “

What's the difference between AE & VAE?

Input Output
~ - 7
A -~ . -
\ TN~~~ = /
\ T Code —x /] —
\ / \ / AN -~/ \ / \ /
] 1\ ] ~ ~ ] /1 \ 1
\ / \ / \ /
— AN S Y [ \ /  — /] N I
\ / / \ \ /
/ \ \ / \
= h = AL =R = =
\ / \ /
— / — N~ N N — 7 — \ —
\ / \ / \
N A N NG W S 1 A N S -
N VA e N A N VA
— / — i E— — — \
/ \ /- ~ \ / \
— N S ~a —
e =)
- K
N J _ J
Y Y

Encoder Decoder

Auto Encoder (AE)
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3-1. Structure of VAE

(1) Encoder (2) Decoder
e inference network e generative network
e input : z, output : z e input : z, output : as closely as x
e 4z | 2,9) o pla| z0)

Variational Autoencoder

Latent Vector

_ — >

sampling




3. Variational Auto Encoder

3-1. Structure of VAE

Variational Inference : approximate with variational distribution!

d ¢
p(zi | 2i,0) ~ q(zi | @i, ¢) = [Timy N(zij | p(2i), 05 (2:))

( use Neural Network! Flexible! )

Objective Function (ELBO)
- Minimize KL-divergence  ¢(Z | X, ¢) = argming KL(q(Z | X,0)|p(Z | X,0))

= Maximize ELBO L(p,0)= [q(Z]| X, ¢)log p(h(fliz(d)dZ — MaXe g
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3. Variational Auto Encoder

3-1. Structure of VAE

Update the parameters of Encoder & Decoder.
Due to flexible & complex model ( Neural Network ), it seems hard to solve...

But using some techniques ( + tricks ), we can solve it!

Stochastic Optimization Tricks
1) Mini-batch 1) Log-derivative trick
2) Monte Carlo Estimation 2) Reparameterization trick

Seunghan Lee, Yonsei University



3. Variational Auto Encoder

3-2. Update Decoder ( parameter : 0 )

Variational Autoencoder

Not that hard to solve!
¥ niﬁ .
T q5() \

(1)| Mini-batch
: ) (i | 2i,0) p (2
Vo L( VHZ/ zi | z; log p(@i| %, )p( )d::.i

q(zi | zi, §)

= Z/q (z; | i, &) Vglogp (z; | z,0)dz;
i=1

= -n/q (zi | i, @) Vologp(z; | z;,0)dz;, i~U{L,...,n}

(2)| Monte-Carlo estimation

n [ q(zi|xi,¢) Vologp (xi | z:,0)dz; = nVologp (x; | 25,0), zf ~q(zi | zi,¢)
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3. Variational Auto Encoder

3-3. Update Encoder ( parameter : ¢ )

A bit trickier than updating Encoder... ®

" Ti | 2;,0)p (2
Ve L($,0) =V, ;/Q(Z’i | z;, $) log p(q(; | miig )dzi

/Q(»Zi ‘ mzaﬁf’) an logp(a:,,; \ z,i,é}) dz;
i=1

We need some tricks to solve this!
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3. Variational Auto Encoder

3-3. Update Encoder ( parameter : ¢ )

a. Log Derivate Trick

Ip(y | z) =ply | x)5logp(y | )

For question like solving  Ey.h(x,y)

% / p(y | z)h(z,y)dy = / %(p('y | 2)h(z,y))dy

0 d
- / (lz(:}:, y)gp(y | ) + p(y | a:)ah(;z:,y)) dy

0 0
= /p(y | :1:)%}1(:1:, y)dy + /h(:}:, y)?p(y | x)dy

4
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3. Variational Auto Encoder

3-3. Update Encoder ( parameter : ¢ )

Variational Autoencoder

’ /|
— 7 / m-  Latent Vellor
% /
Eiﬁ \/
- '? /\ sampling
¥R N
N q5() \ )

a. Log Derivate Trick

a/ (y | z)h(x,y)ds =/(9 py|thy))(ly

/ (h T; z/ p(y | x)+ply | x) agh(z 1/)) dy
0

/ (y | ) —h (d, z/)(ly+/h(ﬂ:,y)a—p(y | x)dy
x

First term

- [p(y | .7:)(.%/1(:1:, y)dy - easy to solve ( using Monte Carlo estimation)

Second term

- [ h(z, y)é—?pp(y | )dy - hard to solve - but can be solved using " Log-derivative trick”
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3. Variational Auto Encoder

3-3. Update Encoder ( parameter : ¢ )

a. Log Derivate Trick Apply it to our derivative of ELBO!

o, 0
a—¢£(¢, 0) = 8_¢/Q(Z | X, ¢)logp(X | Z,0)dZ ? 1. Mini batching
)

O 2. Log-derivative Trick

~nlogp(x; | z;,0) a—qblogq(zf | z;, ¢
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3. Variational Auto Encoder

3-3. Update Encoder ( parameter : ¢ )

Reparameterized form

b. Reparameterization Trick

f Backproj f

We can not backpropagate through “random” variable! l T
~ da(z]x) V.f 2z =g@xe)

X

It should be deterministic! Y /
(p X v{p f (1] ~ p(g)

ox
d

— (‘ih(:ﬂe g("La E)) 'I_ ;g}'}_(:}:__ g(qu g))ig(fu E) \thQ]_‘(} g N T‘(({)

. : Random node = : Differentiation of £

0 0
oz /p(y | fL')h(ifﬁdy - a / Tl(E)h(I!)dE : Deterministic node — : Evaluation of f
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3. Variational Auto Encoder

3-3. Update Encoder ( parameter : ¢ )

b. Reparameterization Trick Apply it to our derivative of ELBO!
O [ a(zi | 2i,6)logp (i |[E].0) = noe [ r(e)logp (| ].0)
n—- Zi | L, 0O i |2, — N— r\€) 10 Li |[G\€ Ti, PA,
¢ | ¢ P ag | 8P ‘
~ n%logp(mi | g(é€,z;,¢),0), whereé ~ r(e)

( simple example )
qp (2ilx;) = N (p;. o71)
» Zi — 11,1,-—!—0'!2 () € where €~ N(Otl)
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Summary of VAE

e step 1) sample i ~U{1,...,n}
e step 2) compute stochastic gradient of ELBO ( w.r.t # and ¢)

— Update 6 ( decoder parameter)
- stoch. grady L(¢, 0) = n% logp (z; | zF,0)

where 2 ~ q(z; | z;, )

— Update ¢ ( encoder parameter )
- stoch.grad 4L(¢,0) = na% logp (i | g (€, i, 9) ,9)—3%KL (q(zi | i, 9) Ip (2:))

where € ~ r(¢)

e Update until stopping criterion reaches



3. Variational Auto Encoder

3-4. Implementation using Pytorch

https.//seunghan96.github.io/stat/gan/bnn/code-6.Variational-Auto-Encoder/

Data Science & Statistics BNN PRML ML cv NLP GAN RL RS NE STAT ElE E

Data Science & Statistics:

P

Statistical Approach to ML/DL
rs
( Field of interest : Bayesian NN, Variatio‘nal‘ Inference )

output:

weights:
(with distribution )

hidden layer: é
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Have dealt with basic concepts to know before reading papers about

various variational inference methods, Bayesian NN.

Next Presentation : Normalizing Flow

GAN: minimax the
classification error loss.

/.\‘fj(zo) N ' fi(zi—l),/‘ T\-l(z‘) N ‘\:x

VAE: maximize ELBO.

-
~
~
- .
-
‘~--‘
-
e T
£, I; N
\
v
N P
~..-”

~~~~~~~~~~

zk ~ Pk (zK)

Flow-based
generative models:
minimize the negative
log-likelihood

o8

M




Review of Papers regarding VI/BNN

( + some Statistical Models / Machine Learning / Deep Learning )

can be found in my github blog below :)

https.//seunghan96.github.io/

( for more about VI/BNN https://seunghan96.github.io/categories/bnn/ )
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