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Abstract

Foundation models, now powering most of the exciting applications in deep learning, are almost universally based on the
Transformer architecture and its core attention module. Many subquadratic-time architectures such as linear attention,
gated convolution and recurrent models, and structured state space models (SSMs) have been developed to address
Transformers’ computational inefficiency on long sequences, but they have not performed as well as attention on important
modalities such as language. We identify that a key weakness of such models is their inability to perform content-based
reasoning, and make several improvements. First, simply letting the SSM parameters be functions of the input addresses
their weakness with discrete modalities, allowing the model to selectively propagate or forget information along the
sequence length dimension depending on the current token. Second, even though this change prevents the use of efficient
convolutions, we design a hardware-aware parallel algorithm in recurrent mode. We integrate these selective SSMs into a
simplified end-to-end neural network architecture without attention or even MLP blocks (Mamba). Mamba enjoys fast
inference (5x higher throughput than Transformers) and linear scaling in sequence length, and its performance improves
on real data up to million-length sequences. As a general sequence model backbone, Mamba achieves state-of-the-art
performance across several modalities such as language, audio, and genomics. On language modeling, our Mamba-3B model
outperforms Transformers of the same size and matches Transformers twice its size, both in pretraining and downstream
evaluation.

- A. Gu and T. Dao, “Mamba: Linear-time sequence modeling with selective state spaces,” arXiv preprint arXiv:2312.00752, 2023.

- https://youtu.be/JjxBNBzDbNk
- https://tulip-phalange-ale.notion.site/05f977226a0e44c6b35ed9bfe0076839
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1. Limitation of Transformer
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1. Limitation of Transformer

(2) RNN2 SZ
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1. Limitation of Transformer

(3) Transformer vs. RNN
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2. State Space Models (SSM)



2. State Space Model (SSM)

(1) SSM2| J|=2 EZ

x(t): Input sequence
h(t): Hidden state
y(t): Output sequence
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2. State Space Model (SSM)

State equation h'(t) = Ah(t) + BX(t)
Output equation y(t) - Ch(t) + DX(t)
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2. State Space Model (SSM)

(2) 2FEH 24

State equation
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2. State Space Model (SSM)

(2) 2FEH 24
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2. State Space Model (SSM)

(2) 2FEH 24
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2. State Space Model (SSM)

State equation

Output equation

h'(t) =
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State equation h'(t) = Ah(t) + BX(t)

2. State Space Model (SSM) output equation  Y(t) = Ch(t) + Dx(t)
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State equation h'(t) = Ah(t) + BX(t)

2. State Space Model (SSM)

Output equation y(t) - Ch(t) + DX(t)
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2. State Space Model (SSM)
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2. State Space Model (SSM)

(4) SSM 22

State equation

Output equation

State Space Model

LIl
multiply

Skip connection
D

X B

>y

13 /58




2. State Space Model (SSM)

(4) SSM 2o
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2. State Space Model (SSM)

(5) Continuous -> Discrete
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2. State Space Model (SSM)

(5) Continuous -> Discrete

Input & Output
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2. State Space Model (SSM)

(5) Continuous -> Discrete

H2-2H &% (Zero-order hold)

A SHXA
T -/

ol

a4

J

Discrete Signal Continuous Signal
iapert (Input)
Hold each value . -
until we reac h step size
? ® another .5 — .: _'E
o ® ® : o—
0 1 2 3 4 0 7 > s S
Timet Time t

Discretized matrix A

Discretized matrix B

B

A = exp(AA)

(AA) " (exp(AA)- I)- AB

1

7158




2. State Space MgaelLeQiin =
Discretized matrix A A — eXp(AA)

(5) Continuous -> Discr4
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2. State Space Model (SSM)

(5) Continuous -> Discrete Parameter: A, B ( not }_1, B )
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2. State Space Model (SSM)

state equation
hk = Ahk_1 B BXk

output equation
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2. State Space Model (SSM) A

(6) Recursive Expression
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State equation h'(t) = Ah(t) e BX(t)
2. State Space Model (SSM
p ( ) Output equation y(t) = Ch(t) + DX(t)
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2. State Space Model (SSM)

(7) Convolutional Expression
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2. State Space Model (SSM)

(8) Al JLAl &l 24
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2. State J State Space Model
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2. State Space Model (SSM)

Continuous

(9) Summary K (t) = Ah(t) + Bx(t)
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3. Linear SSM (LSSM)



3. Linear SSM (LSSM)

S1A

matrix

- (1) Fast Training (as CNN )
- (2) Fast Inference (as RNN )

State equation

Output equation

h'(t) =[Ah(t) + Bx(t)
y(t) = Ch(t) + Dx(t)
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3. Linear SSM (LSSM)
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3. Linear SSM (LSSM)

(3) AHE A

State equation

Output equation
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3. Linear SSM (LSSM)

(3) AHE A

State equation h'(t) = h(t) o BX(t)
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3. Linear SSM (LSSM)

(4) HIiPPO (High-order Polynomial Projection Operators)
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State equation
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3. Linear SSM (LSSM)

(4) HIiPPO (High-order Polynomial Projection Operators)
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3. Linear SSM (LSSM)

(4) HIiPPO (High-order Polynomial Projection Operators)
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3. Linear SSM (LSSM)

(4) HiPPO (High-order Polynomial Projection Operators)
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3. Linear SSM (LSSM)
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3. Linear SSM (LSSM)

(6) S4 (Structured State Space Model) Heavy computation!
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3. Linear SSM (LSSM)

Diagonalize!
(6) S4 (Structured State Space Model)
S4(D)
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C
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7
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def sdd_kernel(A, B, C, dt, L):
B vandermonde = exp(arange(L)[:,None]*dt*A)
return sum(vandermonde * B*C*(exp(dt*A)-1)/A, -1)
u(t)
S4D Recurrent View S4D Convolution Kernel

Figure 1: S4D is a diagonal SSM which inherits the strengths of S4 while being much simpler. (Left) The diagonal

structure allows it to be viewed as a collection of 1-dimensional SSMs. (Right) As a convolutional model, S4D has a

simple interpretable convolution kernel which can be implemented in two lines of code. Colors denote independent

1-D SSMs; purple denotes trainable parameters. 3 5 I 5 8




3. Linear SSM (LSSM)

(7) H3 Hungry Hungry Hippos: Towards Language Modeling with State Space Models
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4. MAMBA - Selective SSM



4. MAMBA - Selective SSM

(1) Limitations of S4
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4. MAMBA - Selective SSM

(1) Limitations of S4
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4. MAMBA - Selective SSM

(1) Limitations of S4
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4. MAMBA - Selective SSM

(1) Limitations of S4
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4. MAMBA - Selective SSM

(1) Limitations of S4

&8 A2t M4 (Linear Time Invariance, LTI)
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4. MAMBA - Selective SSM

(2) SSM vs. Transformer
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4. MAMBA - Selective SSM

(2) SSM vs. Transformer
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4. MAMBA - Selective SSM

(3) MAMBA
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4. MAMBA - Selective SSM

(3) MAMBA

3 vs &% SSM
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4. MAMBA - Selective SSM

(3) MAMBA
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4. MAMBA - Selective SSM

(3) MAMBA

=& 0l SSM: Selective SSM (MAMBA)
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4. MAMBA - Selective SSM

(3) MAMBA
S0l SSM: Selective SSM (MAMBA) o2 (x)0jl C43H A2 CIE B, C
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4. MAMBA - Selective SSM

(3) MAMBA
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4. MAMBA - Selective SSM

(3) MAMBA ‘ﬂo S8 P& 01 #=tg O B3t
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4. MAMBA - Selective SSM
(3) MAMBA ‘554_ CHO|E A & 01X Mg O St

78T
o

=X 0l SSM: Selective sst(MAMBr"
ZOH
Discretization |
Step size (A) A = exp(AA)
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4. MAMBA - Selective SSM

(3) MAMBA
Algorithm 1 SSM (S4) Algorithm 2 SSM + Selection (S6)
Input: x : (B,L,D) Input: x : (B,L,D)
Output: y : (B,L,D) Output: y : (B,L,D)
1: A : (D,N) < Parameter 1: A : (D,N) « Parameter
> Represents structured N X N matrix > Represents structured N X N matrix
2: B : (D,N) « Parameter ‘ 2: B : (B,L,N) « sz(x)
3: C : (D,N) « Parameter 3: C : (B,L,N) « so(x)
4: A : (D) « 7,(Parameter) 7 = softplus 4: A:_(B.L.D) « T7(Parameter+s,(x)) 75 = softplus
5: A, B : (D,N) < discretize(A, A, B) 5: A,B : (B,L.D,N) « discretize(, A, B)
6: y « SSM(A, B, C)(x) 6: y < SSM(A, B,C)(x)
> Time-invariant: recurrence or convolution > Time-varying: recurrence (scan) only
7: returny 7: returny
Input Independent Input Dependent

( = Selective)
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4. MAMBA - Selective SSM

(4) Two main contributions of MAMBA
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4. MAMBA - Selective SSM

(5) Contribution 1: & & A4 A2|S

&
== s PSRN

[Ctck A, convolution 28 At&E = It (only & & kernel 2t
JtSotE =)
Y3 £J/? NO! ... Then, How?
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4. MAMBA - Selective SSM

(5) Contribution 1: & & A4 A2|S

A Bl

—

- AR =

B B B
H, |2 H, |2 H,

=
B
A

Sequential computation O(n)
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4. MAMBA - Selective SSM

(5) Contribution 1: M8 & AZH 22|

=

H2 AM 2D ] ]
B B
A

9
)
)
)

Parallel computation O(n/t)

...............................................................................

...............................................................................

................................................................................

.................................................................................

https://developer.nvidia.com/gpugems/gpugems3/part-vi-gpu-computing/chapter-39-parallel-prefix-sum-scan-cuda
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4. MAMBA - Selective SSM

(5) Contribution 1: & & A4 A2|S
o1 AbO| Associativity (A->B->C =A->C->B) 24 AAS + Rl= X= B4
H A6 = L
S

— mpute Matrices Multiplication
H, = BoXxo with Multiple Threads

H; = A1 (Boxo) + Bix1 i
— Xlﬁoxo -+ Elxl

H, = A5 (A; Boxo + Bix1) + Bax; e
= Kzoxo + A3Bix1 + Baxs &

H; = A3(A2A;Boxo + A2B1x; + Baxa) + §3x3 hd
= A3A2A1Boxo + A3A3B1x; + AsBoxs + Baxs
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4. MAMBA - Selective SSM

(5) Contribution 2: SIEHY ] Q1A eI
2 A Time Complexity= off & ! 2 Lt.. Memory Complexity issue!!
- Transformer: (B,L,D)
- MAMBA: (B,L,D,N)
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4. MAMBA - Selective SSM - V=
- DRAM (HBM): X2t Hles8&

(5) Contribution 2: SIERIH 1A 22|

(Matrix Multiplication=2 M| 2/ &t HE 22| GPU &H At

- & 1) DRAMOII A S HAE 5\ 02 A2t AR
- =N 2) OlAT %S " (compared to step 2)
2 K) 0l Al DRAMS Z CHAl = Al

Solution??
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4. MAMBA - Selective SSM -

(5) Contribution 2: SIEHY ] Q1A eI

Step 1) =ALL] 2= =0[J| R,
- 4129 dimensionO| OfL|c}
- 3JH9 dimensionBt= 2 A5t

o2 BHCH
Step 2) Discretization (3->4 X3 It & )2 DRAMO]| OtL| 2t Ol A &l

Step 3) (& & == =,4->3X&H0| &) 2= yE 0l Al DRAM2 2 55/2{/ 58



NE =5 HlW
4. MAMBA - Selective SSM - &g § 8
- DRAM: 3 X| Bt
| of =
(5) Contribution 2: SIE/ Q4] 21N2|S Hras=
copy copy copy COPY +——gjow!

m/\vf\f\

DRAM SRAM DRAM RAM DRAM

Initial tensors —» Calculation —» Write results —» Calculation —» Write results

.

copy copy

Y R

DRAM SRAM SRAM DRAM

Initial tensors —>. Calculation 1—» Calculation 2; —»erte results

kernel fusion

95/ 58




4. MAMBA - Selective S

copy

.

DRAM SRAM

copy

A

SRAM DRAM

Initial tensors —»;Calculation 1—» Calculation 2;—» Write results

(5) Contribution 2: SIEHH 2l4

kernel fusion

Keep state in
fast SRAM

4

4
|

Keep track of parameters
in DRAM
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4. MAMBA - Selective SSM

(6) Architecture

projection
[: Sequence
transformation

Nonlinearity

(activation or
/ multiplication)

H3 ® Gated MLP . Mamba
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5. Conclusion

MAMBA = Selective SSM

- Fast Training + Fast Inference

- Selective Algorithm (Input dependent)
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